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Abstract. This article is concerned with the relative McKay conjecture for 
finite reductive groups. Let G be a connected reductive group defined over 
the finite field of characteristic p > with corresponding Frobenius map 
F. We prove that if the -F-coinvariants of the component group of the center 
of G has prime order and if p is a good prime for G, then the relative McKay 
conjecture holds for G^ at the prime p. In particular, this conjecture is true 
for G^ in defining characteristic for a simple and simply-connected group G 
of type B„, C„, Eg and Ey. Our main tools are the theory of Gelfand-Graev 
characters for connected reductive groups with disconnected center developed 
by Digne-Lehrer-Michel and the theory of cuspidal Levi subgroups. We also 
explicitly compute the number of semisimple classes of G^ for any simple 
algebraic group G. 



1. Introduction 

Let G be a finite group and p be a prime divisor of |G|. As usually, we denote 
by Irr(G) the set of irreducible characters of G and by Irrp' (G) the subset of irre- 
ducible characters with degree prime to p. For any fixed p-Sylow subgroup P of 
G, John McKay has conjectured that |Irrp/(G)| = | Irrp/(NG(P))|. This is actually 
proved for some groups but remains open in general. Recently, Isaacs, Malle and 
Navarro reduced this conjecture to a new question, the so-called inductive McKay 
condition, which concerns properties of perfect central extensions of finite simple 
groups; see [S]. 

In this article, we are interested in the relative McKay conjecture, asserting that 
for every linear character v of the center Z of G, if Irrp/ (G|i^) denotes the subset of 
characters x G Irrp'(G) lying over u (i.e. satisfying ( x, Indf (i') )g ^ 0), then one 
has the equality | Irrp'(G|i^)| = | Irrp/(NG(-P)|i^)|. In order to prove the inductive 
McKay condition, we in particular have to show that the relative McKay conjecture 
holds for some perfect central extensions of finite simple groups. This is one of the 
motivations to consider this question in this work. 

Let G be a connected reductive group defined over a finite field with q elements ¥q 
of characteristic p > with corresponding Frobenius map F : G — > G. Throughout 
this paper, we will always assume that p is a good prime for G, that is p does not 
divide the coefficients of the highest root of the root system associated to G (see [H 
1.14]). Let T be a maximal F-stable torus of G contained in an i^-stable Borel 
subgroup B of G and let U denote the unipotent radical of B (which is i^-stable) . 
Note that, if U is not trivial, then the prime p divides the order of the finite 
fixed-point subgroup G^ and the subgroup C G^ is a p-Sylow subgroup of 
G^. Moreover, one has Nqf(U^) = B^. If the center of G is connected, then 
the McKay conjecture is true for the group G^ at the prime p. We will see in the 
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following that the relative McKay conjecture holds in this case (see Proposition lG.Sp . 
This question is more difficult when the center of G is disconnected. In this article, 
we will solve it in a special situation. Denote by Z{G) = Z(G)/ Z(G)° the group 
of components of the center of G and by H^{F, Z{G)) the set of the F-classes of 
Z(G). Then our main result is the following. 

Theorem 1.1. Let G be a connected reductive group defined over the finite field 
¥q of characteristic p > and let F : G ^ G denote the corresponding Frobenius 
map. Let T be a maximal F-stable torus contained in an F-stable Borel subgroup 
B of G. If p is a good prime for G and if the group H^{F, Z{G)) is trivial or has 
prime order, then for every linear character v o/Z(G^), one has 

As consequence, this proves the relative McKay conjecture in defining charac- 
teristic for G^ with G a simple group given in Table [H 

This paper is organized as follows. In Section [21 we recall some results from 
Bonnafe |1J on the cuspidal Levi subgroups of connected reductive groups. We will 
need this theory first, in order to associate to every linear character of Z{G) a 
cuspidal Levi subgroup of G (corresponding to a cuspidal local system in Lusztig 
theory) , and secondly to control the disconnected part of the inertial subgroup of 
linear characters of U^. In Section[3l we apply the theory of Gelfand-Graev charac- 
ters of G^ for connected reductive group G with disconnected center, developed by 
Digne-Lehrer-Michel in |5]. Note that we need here that p is a good prime for G. In 
particular, we give a formula to compute the scalar product of two Gelfand-Graev 
characters; see Proposition 13.21 As consequence, we obtain an explicit formula for 
the number of semisimple classes of G^ (see Theorem 13. 5p and compute this num- 
ber for G^ with G any simple algebraic group; see Corollarv 13.61 Recall that the 
constituents of the duals of Gelfand-Graev characters (for the Alvis-Curtis duality 
functor) are the so-called semisimple characters of G^. When p is a good prime 
for G, the semisimple characters are the p'-characters of G''^ (that is, the elements 
of Irrp'(G^)). In SectionlU using the results of Section^ we compute the number 
of semisimple characters of G''^ when H^{F,Z{G)) has prime order; see Proposi- 
tion 14.21 In Section [H we give a formula for the number of p'-characters of 
depending on the cuspidal Levi subgroups of G; see Proposition 15.61 Finally, in 
Sectionini we show that if the center of G is connected or if H^{F, Z{G)) has prime 
order, then for a Hnear character i/ of Z(G^) the number of semisimple characters 
of G^ lying over i' does not depend on i^; see Proposition 16.51 and Proposition 16.61 
We can then prove Theorem [LTI see Remark 16.71 

2. Cuspidal Levi subgroups and central characters 

Let G be a connected reductive group defined over with corresponding Frobe- 
nius map : G G. As above, we denote by T a maximal F-stable torus of G 
contained in an F-stable Borel subgroup B of G. Write $ for the root system of 
G and for the set of positive roots with respect to B. Denote by A the set 
of corresponding simple roots and by W the Weyl group of G with respect to T, 
identified with the quotient N(T)/T. Moreover, we associate to every a e $ a 
refiection Wa & W and for any subset / of A, we denote by Wi the subgroup of 
W generated by Wa for a S /. The subgroup Pj = BM^/B is a standard paraboHc 
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subgroup of G (relative to B). We denote by L/ the Levi subgroup of P/ containing 
T. Note that every Levi subgroup L of G is conjugate in G to a Levi L/ for some 
subset / of A. 

Let L be a Levi subgroup of G. Then the inclusion Z(G) C Z(L) induces a 
surjective map 

/iL : ZiG) ^ Z(L), 

where Z{G) = Z(G)/Z(G)°. We recall that G is cuspidal if ker(/iL) ^ {1} for 
every proper Levi L of G. Moreover, a linear character C. of Z{G) is cuspidal if, for 
every Levi subgroup L of G, the subgroup ker(/iL) is not contained in ker(C). 

Let C be a linear character of Z{G). Then there is a Levi subgroup L (which is 
cuspidal) and a cuspidal character of -Z'(L) such that 

C = Cl o /iL. 

More precisely, for a subgroup K of Z{G), denote by Cq{K) the set of Levi sub- 
groups L of G such that ker(/iL) C K and by Cmin{K) the subset of minimal ele- 
ments of Co{K). In [Ij 2.16], Bonnafe proves that the Levi subgroups of CminiK) 
are cuspidal and G-conjugate. Therefore, we associate to the linear character ( of 
Z{G) a standard Levi L/ of £,„in(ker(C)). Note that all Levi subgroups in CyniniK) 
have the same semisimple rank. 

Let H^{F, Z{G)) be the set of F-classes of Z{G). Since Z{G) is abelian, the 
Lang map C : Z{G) Z{G) : g i-^ g~^F{g) is a morphism of groups and we have 
H^{F,Z{G)) = Z{G)/C{Z{G)). In particular, a character ( ofH\F,Z{G)) can 
be seen as a character of Z{G) with £(Z(G)) in its kernel. Hence, we can associate 
to every character of H^{F,Z{G)) a cuspidal Levi L of G and a cuspidal Cl of 
Z(L). Note that L can be chosen F-stable and with this choice, Cl is i^-stable. 

In the following, we write H^{F, Z{G))^ for the set of irreducible characters of 
fl"i(F,Z(G)). 

3. Number of semisimple classes 

3.1. Gelfand-Graev characters. Let G be a connected reductive group defined 
over ¥q with Probenius map F : G — > G. We denote by T a maximal F-stable 
torus of G contained in an F-stable Borel subgroup B of G. We write U for the 
unipotent radical of B. We recall that p is supposed to be a good prime for G. 

As above, we denote by $ the root system of G, by the set of positive roots 
with respect to B and by A the set of corresponding simple roots. We write Xq, 
for the non-trivial minimal closed unipotent subgroup of U normalized by T and 
corresponding to the root a € $+. Recall that the Probenius map F induces a 
permutation on $ such that F(cf>+) = $+ and F{A) = A. Put 

Uo = Yl X„. 

Denote by Ui the quotient U/Uq and write ttuq : U Ui for the canonical 
projection map. Then we have Ui ~ IlaeA ^^"^ 



(1) uf = n ^. 



F 



where O is the set of F-orbits on A and X,^ = nasw -^a- Recall that an element 
of G is regular if its centraHzer has a minimal possible dimension. By (BJ 14.14] the 
regular unipotent elements of U are the elements m G U such that for every a G A, 
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7''Uo('^)a 7^ 1- Moreover by [6, 14.25], the set of regular unipotent classes of G''^ are 
parametrized by H^{F, Z{G)). For z e H^{F, Z{G)), denote by Uz the conjugacy 
class of unipotent elements corresponding to z and put 



G ^ C, .g I 



|W,|/|G^| iigeUz 
otherwise 



Recall that a linear character ip of U-'^ is a regular character if it has in its 
kernel and if the induced linear character on Uf (always denoted by ip) satisfies 

Res^MV') 7^ Ixj- for every uj e O. By [51 14.28], the set of T^-orbits of regular 

characters of U-'^ is parametrized by H^{F, Z{G)) as follows. 

Fix Vi a regular linear character of and z e H^{F,Z{G)). Choose tz G T 
such that t^^F{tz) Z{G^) ~ z. Then the T^-orbit of the regular characters of 
corresponding to z has V'z 4'! for representative. 

We now can define the Gelfand-Graev characters of by setting for every 
z e H\F,Z{G)) 

Tz = InduF(0z)- 

Denote by the Alvis-Curtis duality map. For z £ H^{F, Z{G)), there is a 
virtual character ipz of (see the proof of [H 14.33]) with in its kernel, which 
is zero outside regular unipotent elements and satisfying 

DG(rz) =Indg^(^,). 

In particular, Dc,{Tz) is constant on Uz and there are complex numbers Cz^z' (for 
z' e H\F,Z (G))) with 

(2) DaiTz)^ Cz,znz'- 

Following 0, we now recall how to compute the coefficients Cz.z'- For this, we 
need some notations. For z S H^{F, Z{G)), put 

where u ^Ui and denotes the T^-orbit of ^pz- Moreover, for any character of 
H'^{F,Z{G)), we define 

In [U 2.3,2.5], the following result is proven. 

Proposition 3.1. With the above notation, ifp is a good prime for G, then the ma- 
trix icz,z')z,z'eH^F,z{G)) is invertible and its inverse is {r]Gcrz(z')-^)z,z'eH^F,z{G)), 
where rja — (— l)i^<j-''k(G)_ Moreover, we have Cz.z' = Cz(z')-^.i and if we put 
CQ = X]zeffi(F z(G)) Z"*^ '^'^y character ( of H^{F,Z{G)), then there is 

a fourth root of unity such that 

where is the cuspidal Levi of G associated to the character C as explained in 
Section \M 
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Proposition 3.2. With the notation as above, if p is a good prime for G, then for 
zi, Z2 e H^{F,Z{G)), one has 

CGffi(-F,2(G))'^ 

where is the cuspidal Levi of G associated to the character C of H^{F, Z{G)) 
and I is the semisimple rank of G. 

Proof. Fix zi and Z2 in H^{F, Z{G)) and put / — (r^^jF^^ )g^- Since the duality 
functor Dq is an isometry, one has / — { Dg{Tzi), 00,(^22) )g'' ■ Furthermore, 
thanks to Equation we deduce 

z,z'eH^(F.Z(G)) 

Note that, if z' ^ z, then {^z^^z' }g^ = 0- Moreover, {^z^^z = I ^0^(^*2)! for 
Uz ^Uz- We deduce 

(3) ^= X! Cz^,zC^.\Cgp{Uz)\, 

zeH^F,Z{G)) 

However, the group Cg(wi) is abehan (because the characteristic is good for G). 
It then follows that \ Cgf{uz)\ = \ Cgf{ui)\ for every z € H^{F,Z{G)); see [HI 
14.22]. Moreover, [1 14.23] implies 

Since \H\F,Z{G))\ = | Z(G)^|/| Z(G)°^|, we deduce 

(4) \CGHuz)\^\ZiGfW- 

For every C e H^{F,Z{G))^, we have cq = EzeHi(F,z(G)) C(^)cz,i- Denote by T 
the character table of H^{F, Z{G)) (identified with the quotient group Z{G)/ C{Z{G)) 
as above). Write m = {F, Z{G))\. Since T is the character table of a finite 
abelian group, it follows that T is invertible and = ^ T. We then deduce 
that, for every z e H^{F,Z{G)) 

(5) c. = i- ^^C- 

CeHi{F,Z{G))'-- 

Furthermore, by Proposition 13.11 one has Czi,z = Czi{z)-^,\- Then Equations (0]) 
and |[5| imply 

/ = E i E a^)c:{z2z-^)\GGAuz)\c^c^ 

z^m{F,Z{G)) CX'£H^(F,Z{G))'^ 

= ^^^T^ E a^C{z2){CC)HHF,ZiG))CCC^ 

^ C,C,'(iH^F,Z(G))^ 

\z{Grw 



Y C(21)C(^2)|CC| 
C'£H^F,Z{G))^ 
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Now, Proposition 13.11 implies = 77g?7l9 2 (s>5-rk(L^))^^_ Thus 
Moreover, 



This proves the claim. □ 

Remark 3.3. Note that ( F^, T^r )qf does not depend on the fourth roots of unity 
associated to C G H^{F, Z{G))^ as in Proposition 13. II 

Remark 3.4. If the center of G is connected, there is only one Gelfand-Graev 
character Fi and the cuspidal Levi subgroup associated to the trivial character of 
H^{F, Z{G)) is a maximal torus, which has semisimple rank equal to zero. Thus, 
we obtain 

(Fi,Fi)g^ -|Z(G)^|g', 
which is a well-known result [H 8.3.1]. 

3.2. Number of semisimple classes. 

Theorem 3.5. Let G be a connected reductive group defined over a finite field of 
characteristic p > with q elements Fg and let F : G G denote the corresponding 
Frobenius map. Write S for a set of representatives of semisimple classes of G^ . 
Denote by (G*,F*) a dual pair of (G,F). With the above notation, if p is a good 
prime for G, then we have 

|5| = |Z(G)°-^| J2 ql-(--'^M^d\ 

CeHi(F*,Z(G*))-^ 

where I is the semisimple rank of G and is a cuspidal Levi subgroup of G* 
associated to ^ H^{F* , Z{G*))^ as explained in Section\^ 

Proof. Denote by (G*, F*) a pair dual to (G, F). As explained in Section [3TT| we 
can associate to every z e H^{F* , Z{G*)) a Gelfand-Graev character F^ of G*^ . 
Recall that F^ is multiplicity free. We can describe more precisely the constituents 
of Fz as follows. Fix s € S. Using Deligne-Lusztig characters, Digne-Michel defined 
in [HI 14.40] a class function Xs and proved that for every z E H^{F* , Z{G*)), there 
is exactly one irreducible character of G''^, denoted by Xs,z, which is a common 
constituent of Xs and F^ and satisfying (see [6l 14.49]): 

(6) r, = ^x.,.. 

ses 

Equation ^ implies |5| = (Fi,Fi)q.f'. Now, thanks to Proposition 13. 2[ the 
result follows. □ 

We now will precise some notations. For a simple algebraic group G defined 
over ¥q, if the corresponding Frobenius map is split, then we denote it by F+. 
Otherwise, if the F^-structure is given by a non-split Frobenius, we denote it by 
F~ . Moreover, if G is of type X and has split and non-split Frobenius map F"*" 
and F-, then we put 'X{q) = G^' for e G {-1, 1}. 

Fix some positive integer n and denote by Gsc a simple simply-connected alge- 
braic group of type An. For any divisor r of n-|-l, there is a simple algebraic group 
Gr of type An and a surjective morphism tt^ : Ggc — * G^ satisfying ker(7rr) equals 
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Type 




|5| 


r|(„+l) 


m ~ gcd(r, q — e) 




Bn{q) adjoint 


q = mod 2 
(7=1 mod 2 




Cn (q) adjoint 


(7 = mod 2 
q = I mod 2 


_|_ q[n/2i 


'^D2n+l{q) adjoint 


g = 0, 2 mod 4 
(7 = e mod 4 
q = —e mod 4 


q2n+l 

^2n+l ^ 2q"-l + g2«-l 
^2n+l _j_ g2n— 1 




(7 = mod 2 
q = I mod 2 


g2n-\-l _|_ g2n—l 


J^2n\q) adjomt 


(7 = mod 2 
(7=1 mod 2 


q2n 

^2n _^ + g2n-2 




(7 = mod 2 
q = I mod 2 


g2n _|_ g2n—2 


HS4n(g) 


(7 = mod 2 
(7=1 mod 2 


q2n 

q2n qu 


^Eg[q) adjoint, p 5^ 2 


(7 = 0, — e mod 3 
(7 = e mod 3 


q^ + 2g2 


adjoint, p ^ 3 


q = mod 2 
q — I mod 2 





Table 1. Number of semisimple classes for simple algebraic groups. 



the subgroup of Z(Gsc) of order r. If is defined over with Frobenius map 
F", then put ^^(g) = . 

Corollary 3.6. Let G be a simple algebraic group defined over ¥q with correspond- 
ing Frobenius map F. If is isomorphic to G^, then the number of semisimple 
classes of G^ is (7", where n is the semisimple rank ofG. Otherwise, the number 
of semisimple classes of G^ is given in TableUi As usually, we denote by (j) the 
Euler function. 

Proof. Let G be a simple algebraic group defined over Fg with corresponding Frobe- 
nius F. Denote by (G*,F*) a pair dual to {G,F). In table [21 we recall simple 
algebraic groups in duality. 

Fix a linear character ( of Z{G*) and denote by a cuspidal Levi subgroup of 
'Cmin(ker(^)). Write G*^, for a simple simply-connected group of the same version 
as G* and by tt : G*^ G* the universal cover of G*. The endomorphism F* of 
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G 


G* 


A-n 


Gt- 


G(n+l)/r 


Bn 


simply-connected 


C'n of type adjoint 




adjoint 


Cn of type simply-connected 


D2n+1 


simply-connected 


adjoint 




S04„+2 


S04„+2 




simply-connected 


adjoint 




S04ri 


S04„ 




HS4„ 


HS4„ 




simply-connected 


adjoint 


Er 


simply-connected 


adjoint 



Table 2. Groups in duality 

G* is induced by a unique Frobenius map (also denoted by F*) of G*^.. Now, put 
= 7r^^(LJ). Note that is a Levi subgroup of G*^ with the same semisimple 
rank as L^. Moreover, following [U 2.10], we deduce that e >C„iin(7r~^(ker(Q)). 
Note that, since G* is simple, one has ker(/i£.) = 7r~^(ker(C)); see [H 2.9]. 

Suppose now that Z{G*^) is cyclic of order N. Then Z(G*) is cycHc of order 
N' = A^/l ker(7r)|. Since Im(C) is a subgroup of of order o(C) (we consider 
here Irr(Z(G*)) as a group with product the tensor product of characters), it in 
particular follows that ker(C) has order N'/ o(C). But there is only one subgroup 
K of Z{G*) of order N' / o(C) and LJ is then a standard Levi of Cmin{K) only 
depending on o(^). Furthermore, one has 

\n-^{K)\ = |i^||ker(7r)| = N/o(C). 

Since Z(G*^) is cycHc, 7r"-^(if) is then the unique subgroup of order N/ o{C). Then 
is a Levi subgroup of G*^ satisfying | ker(/i£. )| = N/ o(C). 

In [Ij Table 2.17], Bonnafe explicitly computes £niin(^^) for any subgroup K of 
Z(G*(,). In TableO we recall some information that we need. For more details, we 
refer to [T]. For the notation in Tabled we put /j,„ = {z G |z" = 1}. 

Hence, using Table [3] we then can find the cuspidal Levi subgroup (and its 
semisimple rank) associated to every linear character of Z{G*) for G* of type 
An, Bn, Cn, Eq and E7 and I?2n+i- For example, suppose G is of type An- Then 
using the notation preceding Corollary [331, there is an integer r such that G = Gr- 
Moreover, one has G* = Gr' with r' = {n + l)/r. Note that |Z(Gr')l = Let d 
be a divisor of r and let C be a Hnear character of Z{Gr') of order d. Then has 
semisimple rank equal to ^^^(d — !)• 

Suppose G is of type D2n and denote by tt : G*^ G* the universal cover 
of G* as above. The group Z(G*j.) has order 4 and exponent 2. Moreover, the 
three non-trivial characters of Z(G*j.) have distinct kernel. These kernels are the 
subgroups of order 2 of Z{Gl^) denoted by ci, C2 and C3 in Table [31 Note that if 
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Z(G) 




ss-rk(L) 


Z(L) 


Type of G 


K 




for L e (if) 






M(n+1) /d 










d\{n + 1) 


li±i(d-l) 








p\d 






Bn 














1 


M2 












Cri 




-1 
i 










M2 












D2n+1 




1 


n + 2 


M4 




^4 










Ai2 


2 








1 


?i + 1 


Ai2 X /i2 






Cl 


n 


A*2 




M2 X ^J■2 










C2 


n 


A*2 






C3 


2 


A«2 


Eg 














1 


4 


M3 










Ej 




1 










3 


M2 


p^2 











Table 3. £inin(if) for simple simply-connected groups 



ker{7r) — C3 then G* = S04„ and if ker(7r) £ {ci,C2}, then G* = HS4„. Let ^ be 
a non-trivial linear character of Z(G*). Suppose first that G* = G*^. Then, the 
corresponding cuspidal Levi is a cuspidal standard Levi subgroup G*^. such that 
C and /iL^ have the same kernel. If G* = S04„ or G* — HS4„ , then Z(G*) has 
order 2 and the semisimple rank of the cuspidal Levi associated to the non-trivial 
character of Z(G*) equals the semisimple rank of any elements of £min(ker(7r)) (in 
the group G*(,). 

We now discuss the conditions on q given in the second column of Table [H 
Suppose that Z(G*) is cyclic of order N. Then, using [H Table 1.12.6, 1.15.2], we 
show that the order of {F^* , Z{G*)) is the gcd of TV and g - e. If Z(G*) is not 
cyclic (i.e. G is of type Dsn) and if p 7^ 2, then B^{F",Z{G*)) = Z(G*); see [H 
Table 1.12.6,1.15.2]. 

The result then follows from Theorem 13.51 

□ 
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4. Results on semisimple characters 

Let G be a connected reductive group defined over (with Frobenius map F) as 
above and let (G*, F*) denote a dual pair of (G, F). Write S (resp. T) for a set of 
representatives of semisimple classes of G*^ (resp. a set of representatives of F*- 
stable semisimple classes of G*). Moreover, we suppose that the elements of T are 
i^*-stable (which is possible because by Lang-Steinberg Theorem, we can choose an 
i^*-stable representative in every F*-stable geometric class of G*). Put Ag*(s) = 
Cg'(s)/ Cg'(s)°- Recall that the classes of G*^ with representative t S G*''^ 
conjugate to s in G* are parametrized by the set of F*-classes of ^g* (s). Moreover, 
Ag'{s) is abelian, implying \H'^{F* , Ag*{s))\ = |^g* (s)''^* |- Note that there is 
an injective morphism between Ag'{s)^ and H^{F, Z{G))^ . Hence \Ag,'{s)^ \ 
divides \H\F,Z{G))\ and for every divisor d of \H^{F, ZiG))\, we put 

(7) Td=[seT\d=\AG.{sf'\}. 

For s e 5 and z G H^{F, Z{G)), we set Ps^z — Dg{Xs,z), where the character Xs,z 
is the constituent of the Gelfand-Graev character defined in Equation Put 

Irr,(G^) = {p,^z I s e 5, z e H\F,Z{G))}. 
The irreducible characters ps,z are the so-called semisimple characters of G''^. 
Proposition 4.1. With the above notation, we have 

|Irr,(G^)|= ^'I^^l- 

d/\H^(F,Z{G))\ 

Proof. As explained in [BJ p. 139], we embed G in a connected reductive group with 
connected center G with the same derived subgroup and such that G is normal in 
G. We extend F to G (denoted by the same symbol). The inclusion G C G induces 
a surjective i^*-equivariant morphism i* : G* — > G*. For s G S, there is an F*- 
stable semisimple 5^ of G* such that i*(s) = s. Write Ps for the semisimple character 
of G^ corresponding to s (this character is unique because H^{F, Z{G)) is trivial). 
Then by O 14.49], the character ps,i is a constituent of Res§F(ps)- Moreover, the 
inertial group G^(s) of ps,i in G^ is such that G^/G^(s) Ag*(s)^*. Thus 
by Clifford theory, since ResG-F(p?) is multiplicity free (see [9]), we deduce that 
Res§F(py) has \Ag'{s)^ \ constituents. It follows that 

|Irr.(G^)|=^|AG.(.)^-|=E E \Aa^isr\=T.\^^'(')^'\"- 
ses teT s£Snlt]a' teT 

The result follows. □ 

Proposition 4.2. We keep the same notation as above and we suppose that p is a 
good prime for G. Suppose that H^{F, Z{G)) has prime order I. Let C, be a non 
trivial linear character of H^{F, Z{G)) . Write L for its associated cuspidal Levi 
subgroup. Then we have 

I Irr,(G^)| = I Z(G)°-^| (q^ + {(^ - l)^'-('''^->-k(L))^ ^ 

where I denotes the semisimple rank of G. In particular, in Table\^ we give the 
number of semisimple characters of G^ for simple groups G with Z{G))^ of prime 
order. For the notation of Table\^ we put m = gcd(r, q — e). 
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Gsc 


|Irrs(GfJ| 




m 


prime 




Bniq) 


q 


= 1 mod 2 


+ 3qL"/2j 


Cn{q) 


q 


— 1 mod 2 




'D2n+l{q) 


q 


— — e mod 4 


^2,1+1 _^ 3^2n-l 


soL(g) 


q 


= 1 mod 2 


+ 3q"-2 


HS4n((3') 


q 


= 1 mod 2 






q 


— e mod 3 


+ 8g2 


£'7(5), P#3 


q 


= 1 mod 2 


+ 3g4 



Table 4. Number of semisimple characters. 



Proof. We denote by Ti and 7^ the sets as defined in Equation ([7]). We have 
\r\ = ITil + |r,| and \S\ - ITil + ^|r,| implying 

|Ti| = ^(^|r|-|5|) and |T,| = - |r|). 

Furthermore, from ^ 14.42] we deduce that |T| = | 7j{G)°^\q^ . Moreover, since i is 
prime, all non trivial linear characters of H^{F, Z{G)) are faithful on H^{F, Z{G)). 
Their corresponding characters of Z{G) then have the same kernel (equal to £(Z(G))) 
Thus, they are associated to a same cuspidal Levi subgroup L, which is the standard 
Levi of £inin('C(2(G))). Thanks to Theorem 13.51 we deduce that 

\S\ = I Z(G)°^| (^q' + {e- l)g'-(->-k(L))j _ 

Now, using Proposition 14.11 we obtain 

|Irr«(G^)| = \T,\+e\%\ 

= {£ + l)\S\ ~ £\T\ 

= \Z{G)°''\{{£+l)q' + {e - i)g'-('^B-rk(L)) _ 

= I Z(G)°-^| (g' + (£2 - l)gi-(ss-rk(L))^ 

Now, Table |4] follows from Table [H However, note that for G — S02n, we have to 
distinguish whether n is even or not. If n = 2fc + 1, then the number of semisimple 
characters of 804^+2(9) is q^^^^ +iq^^~^ = 17" + 3g""^. If n = 2fc, then the number 
of semisimple characters of SO\f.{q) is q^^ + 'dq^^^'^ = + 3(j"~^. □ 

5. Characters of p'-order in Borel subgroups 

5.1. Formula for the number of p'-characters. In this section, we keep the 
same notation as above. In particular, T denotes a maximal i^-stable torus of G 
contained in an i^-stable Borel subgroup B of G. We consider the group 

Bo - Ui X T, 

where Ui — B/Uq (see ^3.11 for the notation). Note that Bq is F-stable and 
B^ = Uf X T^. Moreover, the set Irrp'(B^) is in bijection with the set Irr(B^); 
see [21 Lemma 4]. As in the proof of Proposition 14.11 we consider G a connected 
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reductive group with connected center containing G and such that they have the 
same derived subgroup. We denote by T the unique F-stable maximal torus of 
G containing T. We denote by fl and fi the sets of T^-orbits and T^-orbits on 
Irr(Uf ), respectively. As in Equation ([1]), we denote by O the set of F-orbits on 
A. Moreover, for every w G O, we fix a non-trivial character of (for the 
notation, see Equation For J C O, we set 

where Ij = Di^^jlx^-- Then by [H 2.9,8.1.2], the set {0j | J C O} is a set of 
representatives of 51. 

Proposition 5.1. We keep the notation as above. For every J C O, we denote 
by flj (resp. i^j^i) the element of fl (resp. fl) containing 4>,j. Moreover, we set 
nj — \ Then 

|Iriy(B^)| = J2 t^jICtHMI 

JCO 

Proof. First remark that nj is an integer. Indeed, since T-*^ C T-*^, we deduce that 
ilj is a disjoint union of T^-orbits. In particular, there is k such that 

fe 

(8) = 

1=1 

where flj^i £ (the notation is chosen such that 4>j — 4>j^\ £ 51,/,i). Moreover, 
for every 1 < i < fc, |llj,i| = |ilj,i| because ilj^i and ilj.i are conjugate by an 
element of T^. Then divides l^j] and nj = k. For 1 < i < nj, fix ti G T 

such that = G ^Js and denote by Cx^'(0j,i) the stabilizer of (^j^i in T^. 

Then the inertial subgroup of in is Uf xi CT*'(0Xi)- Moreover, since 
Uf is abelian, we can extend (^j^i to Ij^i setting (f>j,i{ut) — (t)j^i{u) for u £ Uf 
and t G GT^F{(f)j,i). Then, by Clifford theory, the characters of such that (t)j^i 
is a constituent of their restrictions to Uf are exactly the irreducible characters 

Ind7°^ ((/)j,j with V G Irr(CT^-(?!'j,j)). There are |CxF(0j,i)| such characters. 
Hence, we deduce 

|Irr(Bo^)|= ^^|CTi^(^^,,)|. 

JCO 4=1 

Furthermore, we have | Cx^'(0j,i)| = |*' Clxf'(0j,i)|- The result follows. □ 
For J C O, we define 

(9) m( J) = □ 

Note that to( J) C A and F{m{J)) = to( J). 

Lemma 5.2. We keep the notation as above. For J C O , we associate to 4>j the 
F-stable standard Levi subgroup L„j(j) where m{J) is the subset of A defined in 
Relation Then we have 

7ij = |i/i(^^,Z(L„,(,;)))| and |Ct-(0j)| =n7|Z(G)°^| [] (gl"l - 1), 
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where nj is the integer defined in Proposition \5.1\ 

Proof. Recall that (resp. is the T^-orbit (resp. T^-orbit) of (pj. By 

Equation ([8]), one has 

\nj\ = nj\n.j,i\. 

Moreover, as explained in the proof of [4, 8.1.2], we have = JJ^f^ j{q'^ — 1). It 
then follows that 

Furthermore, by d 2.9], we have |T^| = mG)°^\l\^^^{q\'^\ - 1). Hence we 
deduce 

\CTHM\=nj\Z{Gr^\ n !)■ 

Let L„(j) be the standard F-stable Levi subgroup of G corresponding to the subset 
of simple roots m{J). Denote by B„(j) C B an F-stable Borel subgroup of LmiJ) 
and by VmiJ) the unipotent radical of B„(j). The set m(J) is the set of simple 
roots of L„(j) associated to B„j(j). In particular. Equation (U) applied to the 
connected reductive group 'Lrn(j) gives 



We denote by the restriction of (f>j to U^^j-j^. Then (f>j € Irr(U^^^^^) and 
the map Irr(Uf^(^jP Irr(Uf ), ?? i-^ Ij (X) is T^-equivariant. Moreover, note 
that is a regular character of Uf ^^j^. Hence, using [6j 14.28], we deduce that 
nj = Z(L,„(j)))| as required. □ 

Corollary 5.3. With the above notation, one has 

\lTT,,{B^)\^\ZiGr^\Y,\2{L^iJ)f\' n (^''^'-l)' 

where m{J) is the subset of A associated to J as in Equation 



Proof. It is a direct consequence of Proposition 15 . II and Lemma [5?2l and the equality 
|i7i(^^,2(L„(,,)))| = |Z(L„(j))^|. □ 

In the following, we will need the following result. 

Lemma 5.4. Fix I ^ O and put I = 0\I . Then we have 

I<ZJ(ZOuj^J 

where m is the map defined in Equation 0). 
Proof. First remark that 

Furthermore, for every finite set A and / : A — + R, one has 

(10) n(/(«)+i)= E n/(«)- 

agA JCAa&J 
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We apply Equation lfTO|) with A = I and / : / ^ R, q'"' — 1 and we deduce 

Moreover, Equation ([9]) implies = X^^e/ l*^! ^^"^ result follows. □ 

Remark 5.5. If the center of G is connected, then the center of every Levi subgroup 
L of G is connected (because the map /il is surjective). In particular, Corollary [O] 
and Lemma [5^ (appHed with / = 0) give 

|IrrpKB^)| = |Z(G)^|gl™(°)l = [ Z(G)^|gl^l, 

which is a well-known result; see [H Remark 1]. 

5.2. The case of quasi-simple groups. In this section, we suppose that G is 
a quasi-simple algebraic group. We keep the notation as above. Recall that for 
/ C A, the map Hlj ■ Z{G) 2(Li) denotes the surjective map induced by 
the inclusion Z(G) C Z(L/). Moreover, recall that for every subgroup K of Z{G), 
there is / C A such that K = ker(/iLj) (we use here the fact that G is quasi-simple; 
see [U 2.9]). Then we denote by Ik a subset of A such that K = ker(/iL/^) and 
Ik is minimal (for the inclusion). In particular, L/^^ G £inin(^)- 

Proposition 5.6. With the above notation, if p is good for G, we have 

|Irr,,(B^)H|Z(G)°n E ^ff^ f'^""' " E 

where max(iir) denotes the set of maximal proper subgroups of K . 

Proof. For a subgroup K of -Z(G), we define 

^/f = {/ G A I C /} and Bk = {J eO \ ker(/tL„(,;, )^K}. 

where m(J) is the subset of A associated to J defined in Equation ((9]). Then 
Corollary 15.31 implies 

|Irr,,(B^)| = |Z(G)°^| E E 11 1) 

= \z{Gr\ E E n(«'"'-i)' 

A'<Z(G)^ J^Bk ui^J 

because for J G Bk, the numbers |Z(L„j(j))-'^| are constant. Furthermore, one has 

Bk^{J€0\ ker(/iL„(„ ) C K}\{J G O \ ker(ftL„(„ ) ^ K}. 
Note that L/^^ is F-stable. Then Ik is a union of some F-orbits lying in a subset 
Ik of O, such that m{lK) — Ik- Since L/^ G CminiK), it follows 

{ J G I ker(/iL,„(,,) ^K} = {J eO\lK ^J}. 
Moreover, one has 

{JgO| ker(/iL„(,,) Cif} = y {JG 0| ker(/iL„,,„) Cif'} 

i<''emax(K) 

□ {JgO|7a"CJ}. 

i<:'emax(if) 
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Thus, if we put = { J G O | C J}, then it follows 

^ ^|A\m(7K-)| _ ^|A\m(7^,)l, 
Ginax X 

The last equality comes from Lemma [5.41 Moreover, we have /il^^jj, (-Z(G)^) = 
Z(L„(j))^ implying |Z(L™(j))^| = \Z{G)^/K\. The result follows. □ 

Proposition 5.7. Let G be a connected reductive group defined over¥q with cor- 
responding Frohenius F . Suppose p is a good prime for G and Z{G)^ has prime 
order i. Put r = |/| for L/ in £niin({l})- Then we have 

|Irrp,(B^)| = |Z(Gn(g' + (£2-l)g'-'-), 
where I is the semisimple rank ofG. 

Proof. First remark that we do not suppose that G is quasi-simple. Indeed, the set 
'CminCIl}) is non-empty. If we denote by L/ a standard Levi lying in £inin({l}), 
then we have ker(/iLj) = {!}. Hence / = /{i} (see the beginning of §5.21 for the 
notation). Moreover, we always have Iz(g)p — 0- We can then apply the proof of 
Proposition 15.61 We obtain 

|Irrp,(B^)| = |Z(G)°^|(|Z(G)^|2ql^l-'- + ql^l-ql^|-'-) 

= |Z(G)°^|(gl^l + (|Z(G)^p-l)9lA|-). 

Since |A| is the semisimple rank of G, the result follows. □ 

Remark 5.8. For a group G as in Proposition 15.71 if C denotes a non-trivial 
character of H^{F, Z{G)) and its associated cuspidal Levi of G, then is in- 
stable and kei{hi,^) is trivial. Then L.^ £ Caiin{{i})- In particular, the number r 
of Proposition 15 . 71 is equal to the semisimple rank of L,^, implying 

|Irrp,(B^)| = |Z(G)°-^| (g' + - i)qi-(--'^M^c))"j . 

Comparing with Proposition 14.2) we deduce 

|Irr,,(G^)| = |Irrp,(B^)|. 

Hence, this then proves that, if p is a good prime for G and H^{F, Z{G) has prime 
order, then the McKay conjecture holds for G in defining characteristic. 

Proposition 5.9. // G is a simple and simply- connected algebraic group of type 
F>2n, then 

I Irrp' (B^) I = + 3q2«-2 _^ g^n _^ ^^n-l 

IfG is a simple and simply- connected algebraic group of type D2n+i with H^{F, Z{G)) 
of order 4, then 

|Iriy(B^)| = g^^+i + Sg^"-! + l2q''-\ 
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Proof. If G is simple and simply-connected group of type D2n, then Z{G)^ is a 
finite group of order 4 with exponent 2. Denote by ci, C2 and C3 its subgroups of 
order 2. Moreover, using Tabled we deduce 



K 




{1} 


71 - 1 


Cl 


n 


C2 


n 


C3 


2n - 2 


Z(G)^ 


2n 



K 




{1} 
Z2 
Z(G)^ 


n - 1 
2n- 1 
2n+ 1 



Type D2n Type L'2«+i 

The result then follows from Proposition 15.61 

6. Restriction of semisimple characters to the center 



□ 



In this section, we keep the notation as above. To simplify the notation, we set 
G = G^, Z = Z(G)^ and U = U^. For z G H^F, Z(G)) and i/ G Irr(Z), we put 

where (t>z is the regular character of U corresponding to z. Note that by Clifford 
theory, one has 



Ind 



ZU/ 



i^Glrr(Z) 



We then deduce that 



Lemma 6.1. Denote by Ez and Ez^i, the set of constituents ofV^ and T^^u, respec- 
tively. Then 



Proof. We denote by R a set of representatives of the double cosets ZU\G/Z. 
Therefore, for ip G Irr(ZC/), Mackey's theorem implies 

Resf (Indfc/((p)) = ^ Indff^j;)^^ (Res.(2[/)nz(») 

r&R 

(11) = ^Res^O). 

Fix now V, v' G Irr(Z). Then Equation (fTTI) applied with Lp — v ® ipz implies 

(r,,„Indi(i^'))G = (Resf (r,,,),j.')z 

reR 

= \R\{^,^')z 
= li?|<5.,.'. 

The result then follows. □ 
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Remark 6.2. Note that if we denote by and F^^u the set of constituents of 
Dc{Tz) and Dg{Tz.j,), respectively, then F^,^ = {x e {Res z{x,'^)z 7^ 0}. 
Indeed, by [6l 12.8] and [lOl 2.2], DG(Indf (i/)) = Indf (z^). In particular, Dq 
induces a bijection between E^^i, and Fz,,^. 

Lemma 6.3. With the above notation, for z, z' G H^{F, Z{G)) and v, v' e Irr(Z), 
one has 

{^z.,v,^z\v )g = {^z,v',^z'y )g- 



Proof. We have to show that the scalar product {Tz^^^Tz' ,u )g does not depend on 
V. First remark that it follows from Lemma [Ql that 

{^z,v,^z'.y )g = {^z,v,^z' )g- 

Denote by i? a set of representatives of the double cosets UZ\G/U. Then Mackey's 
theorem implies 

(r.,.,r,OG = {Rcs'^{lnA%{u®cj)z)) ,^z-)u 

= ^(Ind^([j2)nj/ (Res.(c/z)nc/r('^® </'z)) ,(l>z')u 



reR 

= ^(IndF^nc/(>.),'^.')c/. 



reR 

Note that the scalar product in the last equality does not depend on v. This proves 
the claim. □ 

Corollary 6.4. With the above notation, for z, z' G H^{F, Z{G)) and v G Irr(Z), 
we have ^ 

{^z,i^,^z'm )g — J^^{^z,^z' )g- 

Proof. We have 

{rz,rz')G= ^ {'^z.^j'Tz',^' )g- 

V, u'eli:v(Z) 

\{ V ^ J/', we have {T z.y,T z' y )g = because by Lemma TG-H the constituents of 
^z,y (resp. oITz'm') are constituents of Indf(i') (resp. Indf and the characters 
Indf (i^) and Indf (i^') have no constituents in common. Then 

{^z^^z^)g — ^ z,v,'^ z' ,v)g- 

uelrriZ) 

The result is now a consequence of Lemma 16.31 □ 

Proposition 6.5. With the above notation, if p is a good prime for G and the 
center of G is connected, then for every linear character v o/Z(G^), one has 

|Irr.(G^k)| = ^^|Irr.(G^)|. 

Proof. Since the center of G is connected, there is only one Gelfand-Graev character 
Fi. Moreover, Remark implies 

|Irr,(G^|zy)| = (Fi,„Fi,,)g^. 
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Furthermore, one has | Irrs(G^)| — (Fi, Fi )q,f . The result follows from Lemma lOl 

□ 

Proposition 6.6. With the above notation, if p is a good prime for G and the 
group H^{F, Z{G)) has prime order I, then for every linear character v o/Z(G^), 
one has 

|Irr.(G^k)| = ^^|Irr.(G^)|. 

Proof. We consider G a connected reductive group with connected center as in the 
proof of Proposition 14.11 Fix s a semisimple element of G*^ and J a semisimple 
element of G*^ such that i*{s) = s. In the proof Proposition l4. H we have seen that 
Res§F(p?) has |Ag. (s)^ | constituents. In fact, the constituents of Res§F(ps) are 
in bijection with Irr(AG*(s)^ ). We denote by ps,i? the constituent corresponding 
to S Irr(AG*(s)^ )■ Moreover, this bijection could be chosen such that there 
is a surjective morphism ojs ■ H^{F, Z{G)) Irr(AG. (s)^ ) satisfying ps,^ (for 
d e Irr(AG-(s)^')) is a constituent of Dg{Tz) for z e H^{F,Z(G)) if and only 
ii ijjs{z) — In particular, the character ps^-e lies in \H^{F,Z{G))\/\Ag*{s)^ \ 
different duals of Gelfand-Graev characters of G^. Furthermore, H^{F, Z{G)) has 
prime order £. It follows that a semisimple character of G^ is either a constituent 
of only one D{Tz) or of all. We keep the notation of Remark 16.21 and put, for 
V e Irr(Z(G^)) 

The above discussion implies that ii z ^ z' , then 
(12) Fz^,nFz',,=F,. 
Moreover, one has 

Irrp.(G^|j.) = U Fz,,. 

z£m{F,Z[G)) 



Therefore, 



\l,,,,{G^\v)\ = I U FzA 

zem{F,Z{G)) 



fc=l ICH^{F.Z{Gy),\I\=k z<£l 

z k=2 /C_ffi(F,2(G)),|/| = fc 



Ei^^,^i + i^^iE(-i)'^' 

z k=2 

Y,\Fz,u\ + \F,\{l-i)- 



Note that, since the characters Fz^i/ are multiplicity free, one has |Fz,t/| — { Tz,i^, Tz,u )gp 
and \F^\ = {^z,v,^z' ,v)gp where z and z' are two fixed distinct elements of 
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H^{F, Z{G)). Fix two such elements z and z' . Then Corollary 16.41 impHes 

Denote by L the cuspidal Levi subgroup associated to every non-trivial character 
of H^{F, Z(G)) and by I the semisimple rank of G. Proposition 13.21 gives 

(r,,r, ) = \z°\ (g' -{£- and (r,,r,, ) = |Z°| (9' - 

with Z° = Z{G)°^. It follows 

The last equality comes from Proposition 14.21 □ 

Remark 6.7. As we remark in [3|, the number | Irrp'(B^|j/)| does not depend on 
1^ for all e Z(G^) and 

|Irr,,(B^|^)| = ^^|Irrp,(B^)|. 

Suppose now that p is a good prime for G and H^{F, Z{G)) has prime order. Then, 
thanks to Remark 15.81 and Proposition 16.61 we deduce 

|Irrp,(B^|:.)| = |Irrp,(G^|i.)|, 

for every v G Irr(Z(G^)). This proves Theorem ll.il 
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